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Abstract 

Let (M, !F) be a compact codimension-one foliated manifold whose leaves are equipped 
with Riemannian metrics, and consider continuous functions on M that are harmonic 
along the leaves of T . If every such function is constant on leaves we say that (M, has 
the Liouville property. Our main result is that codimension-one foliated bundles over 
compact negatively curved manifolds satisfy the Liouville property. Related results 
for IR-covered foliations, as well as for discrete group actions and discrete harmonic 
functions, are also established. 

1 Introduction 

Let M be a compact manifold and T a continuous foliation of M whose leaves are C r 
Riemannian manifolds, r > 2. It is assumed throughout the article that the boundary of 
M, if non-empty, is a union of (compact) leaves of J- . This implies that all compact leaves 
of T are closed manifolds. The Riemannian metrics on leaves, as well as their derivatives up 
to order r, are assumed to vary continuously on M. The pair (M, J-) refers here to foliations 
with the given choice of Riemannian metrics even if the metrics are not always explicitly 
mentioned. The metrics yield Laplace-Beltrami operators on leaves varying continuously 
on M. 

Let H(M, J 7 ) denote the set of real- valued functions on M that are continuous on M, C 2 
on leaves, and harmonic on leaves. We call such functions leafwise harmonic. If the leaves 
of T are Riemann surfaces, or more generally Kahler manifolds, we can similarly consider 
the subset of H(M, J-) consisting of the real part of leafwise holomorphic functions. The 
continuous functions that are constant on leaves, or leafwise constant functions, form a 
subset of H(M,J r ). If all leafwise harmonic (resp., holomorphic) functions are leafwise 
constant we say that {M,T) has the Liouville (resp., holomorphic Liouville) property. The 
goal of this article is to study the Liouville property for certain classes of foliations. 

The problem of understanding which foliations have the Liouville property was first 
considered in |FZ14 [FZ2]. A fairly detailed description of the structure of H(M,J r ) in 
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codimension 1 under C transversal regularity and in the absence of transverse invariant 
measures is obtained in [DKJ. In order to provide some background for what will be proved 
here, we briefly list below a few pertinent results from these three papers. 

1. For (real) codimension one foliations by Kahler manifolds (or more generally, foliations 
whose leaves are complex manifolds) the holomorphic Liouville property holds. ( [FZlj . 
Theorem 1.15.) 

2. In [DK] an example is given of a codimension one foliation of a 3-manifold by Rie- 
mann surfaces for which the Liouville property does not hold. The following is also 
shown in |DK] (see Theorem 1.1 of [DK] for the full statement): Let T be a C 1 
codimension one foliation of a compact manifold M having no transverse invariant 
measures (in particular, no compact leaves). Then there exists a finite number of 
minimal sets M.%,. . . , equipped with probability measures /Ui, . . . ,fj,k such that 
each / € H(M, J-) can be written uniquely as a linear combination: 

k 

i=l 

where the following notation is used: fXi(f) = J fdfc and rji is a continuous, leafwise 
harmonic function on M which gives the probability rji(p) that leafwise Brownian 
motion starting at p converges towards A4i, for each p S M. 

3. It is shown in Theorem 4.1 of |FZ2j that there exists a foliated £ 2 -bundle over a 
compact Riemann surface, (M, J 7 ), such that: 

(a) The Liouville property does not hold for (M, J-); 

(b) (M, J-) has exactly two minimal sets, Si and 52, which are compact leaves home- 
omorphic to the base Riemann surface. In the complement of S1US2 the foliation 
and leafwise harmonic functions are smooth; 

(c) The foliation is ergodic with respect to the smooth measure class. In particular, 
almost all leaves are dense in M. 

The results of |DK| . in particular item 2 above, are based on a study of the Lyapunov 
exponent for holonomy contraction along Brownian paths. They depend in a crucial way on 
the foliation being C 1 and on the hypothesis that there are no transverse invariant measures. 

Given the above facts, particularly item 2, it is natural to ask what can be said about 
H(M, J 7 ) in codimension one when the results of [DK] do not apply, namely when there are 
compact leaves present or, more generally, transverse invariant measures, and/or the folia- 
tion is only C°. In particular, we want to know under what natural hypothesis codimension 
one foliations have the Liouville property. 

In this article we restrict attention to M- covered or I- covered foliations. They are defined 
by the property that the space of leaves of the induced foliation (M, F) on the universal 
cover of M is Hausdorff. Equivalently, this leaf space is homeomorphic to the real line 
or to the interval I = [0,1], respectively, hence the terminology. These are the simplest 
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situations in terms of the topology of the foliation. In addition, as seen below, they exhibit 
a difficulty which is not covered by the results in [DK] . Foliated circle bundles are R-covered 
foliations. Other examples of M-covered foliations can be seen in [Rj]. Based on what we 
prove below it is natural to ask whether all such foliations have the Liouville property. As 
an initial support of an affirmative answer, we mention the following easy consequence of 
the topological structure of M-covered foliations described in [Fe| . 

Proposition 1.1 The Liouville property holds for ^.-covered foliations without compact 
leaves. 

In fact, for foliations satisfying the conditions of proposition fTTl we prove that every leafwise 
harmonic function is constant on M. If there are no compact leaves, then we show there 
is only one minimal set, which then easily implies the Liouville property. Compare with 
results in [DK] , where one requires more than one minimal set to produce non trivial leafwise 
harmonic functions. 

If there are compact leaves, the situation is much more interesting. First of all it is 
clearly possible to have functions that are constant on leaves but not constant on M: when 
J- is a fibration over the circle, any non-constant function on the circle pulls back to a 
leafwise constant, non-constant function on M. This also happens to certain more general 
M-covered foliations with compact leaves. 

Given proposition II. 1\ our problem is reduced to understanding what happens when 
there are compact leaves. In order to study leafwise harmonic functions or asymptotic 
behavior of holonomy (which is relevant here as well), it turns out that compact leaves are 
much trickier to understand. For example, the results of Deroin and Kleptsyn |DK] do not 
apply when there are compact leaves (even if one has the additional strong condition that 
holonomy is C 1 ). The same restriction holds for the results of Thurston |Th] on asymptotic 
behavior of holonomy. 

At this point we are not able to deal with the most general R-covered foliations. For our 
main results we assume that the leaves of T have negative curvature — this is the condition 
under which the Liouville property might be expected not to hold with greatest likelihood. 
Clearly, if the leaves of a foliation individually do not admit bounded, non-constant har- 
monic functions, then the foliated Liouville property holds. This is the case, for example, 
when the leaves are nilpotent covers of recurrent (in particular, compact) Riemannian man- 
ifolds |LSj . or the Ricci curvature of leaves is non-negative |SYj . In dimension 3, results 
of Plante and Sullivan [FH ISu2j show that some form of negative curvature is the generic 
situation, at least in the large scale: if for example the leaves are 7ri-injective and M is 
atoroidal and closed, then the leaves have negative curvature in the large, that is, they are 
Gromov hyperbolic. In negative curvature, non-constant harmonic functions are plentiful, 
so if the Liouville property does hold it must be due to features pertaining to the transversal 
dynamics. 

Our main result is this: 

Theorem 1.2 Let (M, J 7 ) be a continuous codimension-1 foliated bundle (with either circle 
or interval fibers) over a compact Riemannian manifold of negative sectional curvature. 
Then the Liouville property holds for (M, T) . 
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By a foliated bundle (M, J-) we mean a foliation of the total space M of a fiber bundle 
whose fibers are everywhere transverse to the leaves of T and the local holonomy maps of 
the fiber foliation are Riemannian isometries relative to the metric on the leaves of T. 

Theorem 11.21 is mainly a result about foliated interval bundles. The claim for circle- 
bundles is an easy corollary given proposition 11.11 Just as easily, theorem 11.21 implies the 
following: 

Theorem 1.3 Let (M,J-) be a continuous codimension- one foliation with negatively curved 
leaves and let M. denote (the closure of) the union of all the minimal sets. Suppose that the 
metric completion U of each component U of M\M admits an interval-bundle structure that 
makes the induced foliation on U a foliated interval-bundle over a compact base manifold. 
Then the Liouville property holds for (M, J 7 ) . 

We note that a foliation satisfying the hypothesis of theorem 11.31 is either minimal, R- 
covered, or /-covered foliation. This can be seen as follows. A classical result of Haefliger 
states that the union of all compact leaves of a codimension one foliation is compact and 
there are finitely many compact leaves up to isotopy in M. In addition, there are finitely 
many minimal sets which are not compact leaves. A proof of this well-known fact for C 2 
foliations can be found in |CC1] . theorem 8.3.2, and Cantwell and Conlon have a short, 
unpublished proof for C° foliations. So one possibility in theorem 11.31 is that J- is minimal, 
in which case the Liouville property holds by the maximum principle for harmonic functions. 
(A continuous, leafwise harmonic function must be constant on every minimal set. In fact, 
by the maximum principle the function is constant on a leaf where it attains its maximum 
or minimum value over a given minimal set A, hence it is constant on .4.) Suppose now that 
J- is not minimal and let A be a minimal set. By the just mentioned result of Haefliger's, 
if A is not a compact leaf and B is a boundary leaf of A, then B is at a positive distance 
from any other minimal set. Hence the hypothesis of theorem 11.31 implies that if U is a 
complementary component of M that has B as one of its boundary leaves, then B, and 
hence A, is a compact leaf. Therefore, we conclude that the only minimal sets are compact 
leaves. Given the finite number of isotopy classes of compact leaves, it follows that by 
cutting M along a compact leaf we obtain an /-bundle, and we can adjust the foliation 
to be transverse to the /-fibers. In particular, the resulting foliation is /-covered. So the 
original foliation (prior to cutting along a compact leaf) is either /-covered or M-covered. 

As an example to which theorem 11.31 applies, start with a foliated interval-bundle and 
glue the boundary leaves with an arbitrary homeomorphism. This gives a foliation of 
a closed manifold satisfying the conclusion of theorem 11.21 Foliated circle bundles with 
compact leaves can be described in this way using a periodic map as the gluing map so 
that all points have the same period. To put things in perspective, consider the situation 
in dimension 3: the hypothesis of theorem 11.21 implies that M is Seifert fibered, the Seifert 
fibration given by circle fibers. In particular, it has a normal Z subgroup. (See [He], chapter 
12, for standard definitions.) Theorem 11.31 after cutting along a compact leaf, allows for 
any gluing between top and bottom. The vast majority of such gluings yields hyperbolic 
3-manifolds. So this is much more general than theorem 11.21 

Although foliated bundles may seem too restrictive a setting, they are a very common 
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type of foliation and the source of a large variety of examples and counter-examples in 
foliation theory. They are exactly the foliations that are associated with group actions on 
the fiber space (the circle or interval, in theorem II. 2[) . The study of leafwise harmonic 
functions on codimension one foliated bundles leads to interesting dynamical properties 
about group actions on S 1 or /. These are described now. 

Let Xq denote the space of all harmonic functions h on the unit open disc B in M? such 
that \h(z) | < 1 for all z € B. Then Xq with the topology of uniform converge on compact 
subsets of B is a compact metrizable space. Let T be a group of hyperbolic isometries of 
the disc. T acts on Xq by composition: 7 • h := ho^j for (7, h) G T X Xq. The dynamics of 
this action can be complicated even when T is only an infinite cyclic group. For example, 
it is shown in |FZ2] that if T is cyclic generated by a parabolic or hyperbolic isometry of B, 
the action admits a dense set of periodic orbits as well as orbits which are dense in Xq. 

It is of interest to understand what kinds of compact finite dimensional manifolds can 
arise as invariant subsets of Xq for a general T. For example, S 2 can, but as we show below 
S 1 cannot. More precisely, there is an action of T on S 2 with respect to which one has a 
non-trivial T-equivariant embedding S 2 — > Xq. This claim is essentially contained in [FZ2J. 
Here, "non-trivial" means that the image of this map is not entirely contained in the set of 
constant functions in Xq, and F : X — > Xq from a given T-space X into Xq is said to be 
T-equivariant if F{ r y{x)) = 7 ■ F(x) for all 7 6 T and The following is a corollary of 

theorem 11.21 when the base manifold is a compact surface of constant negative curvature: 

Corollary 1.4 Let T be a discrete subgroup of hyperbolic isometries o/B so that B/T is a 
compact surface. Consider an action ofT by homeomorphisms of X, where X is either S 1 
or [0,1]. Then any continuous, T-equivariant map from X into Xq takes values in the set 
of constant functions. 

An action by homeomorphisms of the circle induces a foliated S 1 -bundle over B/T by 
the suspension construction. A map from S 1 to Xq as in the corollary produces a function 
on 5 1 x B which is harmonic on leaves and induces a foliated harmonic function on the 
quotient (S 1 x B)/T by T-equivariance. For the details of this easy proof see the general 
construction in section 5 of [FZ2]. Similarly for / instead of S . Theorem 11.21 then implies 
that this function is constant on leaves, proving the corollary. 

We give now a somewhat different dynamical interpretation of the same result in the 
context of discrete harmonic functions. Let T be, for the moment, any countable group 
acting on a compact topological space X and equip T with a probability measure /j. Thus 
fi is a non-negative function on T such that X^ 7 er = 1- The choice of \x specifies 
transition probabilities of a random walk on T: the one-step transition from 7 to 777 has 
probability n{r}). To avoid trivialities, we assume that /j generates V; i.e., the random walk 
starting from any 7 € T has a positive probability of reaching any other element of T in a 
finite number of steps. We say that a continuous real-valued function / on X is fi-harmonic 
if / = Ppf, where _P M is the averaging operator defined by P fl f(x) = S 7 er /- t (7)/(7( a; )) f° r 
all x € X. The Liouville property in this discrete setting, for a given //, amounts to all 
continuous, //-harmonic functions on X being T-invariant. 

Now suppose that T is again a group of isometries of B such that B/r is a compact 
Riemann surface, and let [i be a probability measure on T that generates T. It makes sense 
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to ask whether all actions of T on X = S or I by homeomorphisms have the Liouville 
property. This turns out to be true for at least one well-chosen /i. In fact, as first shown 
by Furstenberg \Fu\ ILSj lAnj . there exists a probability measure /i on T with the following 
property: a bounded function on T is /i-harmonic for the action of T on itself by left- 
translations if and only if it is the pull-back to V of a bounded harmonic function on O 
under the orbit map r — > T ■ z, z £ D. We call such a measure a discretization measure on 
r. In section [12] we give a version of Furstenberg's result for the foliated bundle setting, 
theorem 112.21 Then theorem 11.21 and theorem 112.21 together imply the following corollary. 
The details are shown in section [T2l 

Corollary 1.5 Let T be a group of hyperbolic isometries of ID such that B/T is a com- 
pact surface and let p be a discretization measure on T. For any representation p : V — ► 
Homeo(X) of F into the homeomorphism group of X = S 1 or I, and any continuous 
f : X — > R, we have f o p(j) = f for all 7 if and only if P^f = f . 

Theorem 112.21 also allows one to define a notion of discrete holomorphic function on a 
topological T-space X, when T is a cocompact group of isometries of a Kahler manifold. A 
result employing this idea is shown in section [T3l 

We now give a brief sketch of the proof of theorem 11.21 

• If T has no compact leaves, then T is a foliated circle bundle and it is R-covered. 
Then the Liouville property is easily derived from the topological properties of such 
foliations discussed in section U and properties of harmonic functions with respect to 
harmonic measures. 

• If there are compact leaves, we restrict attention to a connected component U of M\/C, 
the complement of the union of all compact leaves. (Leafwise harmonic functions must 
be constant along leaves in JC.) The metric completion of U is an interval bundle with 
compact boundary leaves and no compact leaf in the interior. This reduces the proof 
of the theorem to foliated interval bundles over a compact manifold and no interior 
compact leaves. These first 2 steps are done under the much more general condition 
of T being M-covered or /-covered. 

• The proof of the theorem for interval bundles proceeds by contradiction. We sup- 
pose that a nontrivial leafwise harmonic continuous function / exists, and normalize 
it so that it takes values and 1 on the compact boundary leaves of T. Using the 
relationship between harmonic functions and properties of the foliated Brownian mo- 
tion (under the assumption that leaves are negatively curved) we derive that / is a 
monotone function on fibers of the interval bundle (lemma l7.ip . After blowing down 
interval bundles in (M, T) where / is constant along fibers, it can be assumed that / 
is strictly monotone on fibers (proposition I7.2j) . Both of these results make full use of 
the hypothesis of theorem 11.21 we need the foliated bundle property to directly relate 
Brownian motion in different leaves. We also need negative curvature on the leaves 
to relate the harmonic function on the leaf with the behavior at infinity (this is done 
in the universal cover of the leaf). 
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• Using the strict monotonicity of / it is possible to define a new foliated interval bundle 
topologically equivalent to the original one that is now harmonic in the following 
sense: leaves of the new foliation are locally graphs of harmonic functions on the base 
manifold. This is shown at the beginning of section [HJ Although the initial foliation 
was possibly only C°, we prove in section [5] that the new foliation is, in fact, Lipschitz 
continuous. 

• In section [10] we prove the following general fact: If M = K x /, where K is a compact 
Riemannian manifold (no curvature assumption) and I is the interval [0, 1], and (M, T~) 
is a Lipschitz continuous harmonic foliation, then T is the product foliation. This 
result leads to a contradiction, since the original foliated interval bundle did not have 
compact leaves other than the boundary leaves. 

The results of this article generate one obvious question: if T is M-covered or /-covered, 
does J- have the Liouville property? A key step to answering this question affirmatively is 
to find some form of transversal monotonicity of leafwise harmonic functions as obtained 
in section 7 with the additional foliated /-bundle hypothesis. Another very important 
question is whether the curvature condition can be weakened. In particular what happens 
when the leaves are Gromov hyperbolic or negatively curved in the large, but not necessarily 
(Riemannian) negatively curved? 

2 Harmonic functions and Brownian motion 

We begin by recalling some background material on harmonic functions and Brownian 
motion on Riemannian manifolds, with special attention to manifolds of negative sectional 
curvature. More details about Brownian motion can be found, for example, in [Hsu| or 
[Em]. Brownian motion on foliated spaces is discussed in [Caj as well as chapter 2 of |CC2| . 
Information specific to negative curvature can be found in [An| and the other references to 
be cited below. 

A few key facts about harmonic functions are listed below. Let TV be a Riemannian 
manifold and A the Laplace-Beltrami operator on N. A real- valued function / € C 2 (U), 
where U is an open set in N, is harmonic on U if Af = on U. 

1. The maximum principle: if / is harmonic on a connected open set U and attains a 
maximum (or minimum) value in U, then / is constant on U. 

2. The principle of unique continuation (see [Arj for a more general fact): if / is harmonic 
on a connected open set U and constant on a neighborhood of some point in U, then 
/ is constant on U. 

3. The Harnack inequality [Moj : If U is open with compact closure and V is a subset 
whose closure is contained in U, then there exists a constant C > depending only 
on U and V such that sup h\y < C inf h\y for any positive harmonic function h on U. 

4. The Harnack principle (see [Anj . p. 6): if U is an open connected set in N and p € U, 
then the set of non- negative harmonic functions / on U such that f(p) = 1 is compact 
in the topology of uniform convergence on compact subsets of U. 
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The standard probability setting for manifold- valued stochastic processes is assumed: we 
fix throughout a probability space (fi, B, P) and a filtration B* = {Bt : t > 0} of <r-algebras 
contained in B. That is, (Bt) is an increasing family of cr-algebras Bt containing all sets 
of measure in B. If Y is an integrable real valued function on (Q, B, P), its expectation 
is denoted -E[V], and if A a er-algebra contained in B, the conditional expectation of Y 
given A is denoted 2?[Y|.4]. Recall that a real valued stochastic process {Y t : t > 0} is a 
martingale if Yt is integrable and ^-measurable for each t and for every pair s,t G [0, oo), 
s < t, the equality Y s = £J[lt|B s ] holds. A Brownian motion on a Riemannian manifold 
TV" with Laplace-Beltrami operator A is an iV- valued stochastic process, Bt, t > 0, which 
is continuous (i.e., sample paths t i— > B t (u)) are continuous for a.e. w G 0), adapted to the 
filtration (i.e., is Bt-measurable for each i > 0), and for every smooth function / on N 
the process 

M( := f(B t ) - /(B ) - 5 j Af(B t )dt 

is a martingale. (This definition does not account for the possibility of explosions since we 
will only deal with stochastically complete metrics later on.) If Bt is a Brownian motion on 
N and if 7 : N —* N' is a local Riemannian isometry, then 70^ is a Brownian motion on N'. 
For p G iV, Brownian motion conditional on Bo = p will be written B\ . The corresponding 
conditional probability on O and expectation will be written P p and E p , respectively. Thus, 
for any bounded / on N, E p [f o B t ] := / fl f(B t (uj))dP p {uj). 

Let the Riemannian manifold iV be geodesically complete, simply connected, of sectional 
curvature K bounded by constants —b 2 < K < —a 2 < 0. Let S(oo) be the sphere at infinity 
of N, which consists of equivalence classes of asymptotic geodesies. Then N = N L) S(oo) 
has a natural topology (the cone topology) that makes N compact and S(oo) its boundary. 
The latter is known as the ideal boundary of N. 

We collect some of the main properties of Brownian motion on in the following list. 
(See [Ki] in addition to the references cited in each item.) 

1. For any initial point p G N, B P converges in the cone topology, as t — ► 00, to a 
random point B^ of 5(oo). (I.e., the path B^(uj) converges to a point B^iuS) for 
P p -a.e. oj G Q.) 

2. The probability distribution of B§o is a Borel probability measure /i p on S(oo). Thus 
fJ, p (A) is the probability of the event B^ G A, for a Borel A C 5(00). Its main 
property is that p 1— > /i p (^4) is a harmonic function on N. The measure is known as 
the harmonic measure at p. This should not be confused with harmonic measures for 
foliations as defined by Lucy Garnett in [Gaj . The latter, which also plays a role in 
this paper, will be referred to either as stationary measures for the foliated Brownian 
motion or as harmonic measures in the sense of Garnett. 

3. The measures fj, p are all equivalent among themselves. This is a simple consequence of 
the maximum principle and that p 1— > fi p (A) is harmonic. By the Harnack inequality, 
given any pair of points p,q G N there exists C > depending only on p and q such 
that C~ 1 ^ q (A) < fip(A) < CfjL q (A) for all A. The associated measure class defines 
the harmonic measure class of S(oo); 
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4. For any bounded function g on 5*(oo), measurable relative to the harmonic measure 
class, the function 

H g {p) := / g(tW P (0 

JS(oo) 

is harmonic on N. Conversely, if H is a bounded harmonic function on N, there exists 
a bounded measurable g on S(oo), uniquely defined up to a set of harmonic measure 
zero, such that H = H g ; 

5. If H = H g is a bounded harmonic function on N with boundary values g, then P p - 
almost surely H(Bf) converges to g(B^o) as t — » oo; 

6. If H = H g is a bounded harmonic function on iV with boundary value g, then the non- 
tangential limit of H exists almost everywhere on 5(00) with respect to the harmonic 
measure class. More precisely, for £ £ S(oo), a > 0, and t 1— > r(t) a geodesic ray 
limiting at £, denote by C a (£) the set of all p G N such that the distance d(p,r) < a. 
Such a set is called a non-tangential cone at £. Then, for a.e. £ E 5(00) with respect 
to the harmonic measure class, and any non-tangential cone C a (£), H{p) converges to 
s(0 as p -> £ within C a (£). (See |5Sj .) 

A note of caution: there is another natural probability measure on 5(00) obtained by 
pushing forward the Lebesgue measure on the unit sphere T^N to S{oo) under the map 
that assigns to each v € T^N the asymptotic class of the geodesic with initial condition 
{p, v). These measures are known to be mutually equivalent for all p and define the geodesic 
measure class on S(oo). Even though the harmonic measures can be shown to be positive on 
non-empty open sets and to not have atoms [KL], the geodesic and the harmonic measure 
classes are in general mutually singular. In fact, by a result of A. Katok this is always the 
case for N = K and K a closed surface of non-constant negative curvature. If the sectional 
curvature is constant, the two measure classes coincide. 

3 Leafwise harmonic functions 

Let M be a compact manifold and T a foliation of M. Unless a stronger regularity assump- 
tion is explicitly stated, J- is a continuous foliation with C 2 leaves. The tangent bundle 
of J- is given a Riemannian metric smooth along leaves, and the metric together with its 
derivatives of any order in the leaf direction are continuous in M. We refer to this setting 
simply by saying that T is a foliation of M with Riemannian leaves. 

The metric induces a Laplacian on each leaf of T . A continuous real valued function on 
M is leafwise harmonic if its restriction to each leaf is (smooth and) harmonic. Clearly, a 
leafwise harmonic function / is constant on any compact leaf, or on any leaf containing a 
point of maximum or minimum value of /, due the the maximum principle. We say that a 
leafwise harmonic function is non-trivial if it is not constant on at least one leaf of T. 

Brownian motion on leaves of T will still be denoted Bf. Thus, for a probability space 
(Q,B,P) and each t £ [0, 00), Bt is a random variable with values in M and for P-a.e. 
w G the path t 1— > B t {uj) is continuous and lies in the leaf of T through Bq(u). The 
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process and probability, conditional on beginning at p £ M, will be written as Bf and P p , 
respectively. 

Proposition 3.1 Let T be a foliation of a compact manifold M with Riemannian leaves, 
as defined above. Let L be a leaf of T with sectional curvature Kl satisfying at all points 
—b 2 < Kl < —a? < 0. Let S(oo) be the ideal boundary of the universal cover, L, of L. 
Suppose that f is a leafwise harmonic function on (M, T) and that the boundary values of 
the natural lift, f, of /|l to L are given by the Borel measurable function g on S(oo). Then, 
for almost every ^ G S(oo) with respect to the harmonic class, there exists a leaf of T on 
which f is constant and equal to g((,). 

Proof. Let £ E S(oo) be a point of non-tangential convergence of / and consider a sequence 
p n 6 L converging to £ along a geodesic ray. For a fixed constant c > 0, consider the 
sequence of balls D(p n ,c) of radius c and center p n . Then for each n and all q n € D(p n ,c) 
we have limy^oo f(q n ) = g(0- After passing to a subsequence, the projection of p n to M 
converges in M to a point p and the balls converge to D(p, c) as sets. Since / is continuous 
on M, the value of / on D(p, c) is equal to the limit value <?(£). By the principle of unique 
continuation of harmonic functions (see section [2]) / must be constant, equal to <?(£), on 
that leaf. □ 



4 Foliations without compact leaves 

If T is a foliation of a manifold M, let J- be the lift of T to the universal cover M. The 
space of leaves of J 7 is the quotient topological space MjT under the equivalence relation 
that identifies points of M lying on the same leaf. A codimension one foliation T of a closed 
manifold M is said to be ^.-covered (respectively, I-covered) if the space of leaves, MjT, 
of the foliation (M, J-) on the universal cover of M is homeomorphic to R (respectively, to 
the closed interval / = [0, 1].) 

Proposition 4.1 Let T be an M-covered foliation of a manifold M . Then one of the three 
following cases happens: 

1. There is a compact leaf; 

2. J- is minimal; 

3. J- is not minimal and there is a unique minimal set. 

Proof. This is mostly contained in [Ejj, proposition 2.6, although it is proved there for the 
special case of 3-manifolds. 

First suppose there are no compact leaves and let Z be a minimal set. If Z is all of M 
we have alternative 2, so suppose this is not the case. We need to show that Z is unique. 
By lifting to a double cover we may assume that T is transversely orientable. Let U be a 
connected component of the complement of Z and U its metric completion. Then U has 
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an octopus decomposition (proposition 5.2.14 of |CC1] ): U = C U A± U • • • U Ai, where C is 
compact, C n Ai is both the transverse boundary of A4 and a connected component of the 
transverse boundary of C, and the Ai are /-bundles over non-compact manifolds B{ and 
the foliation restricted to Ai is transverse to the /-fibers. The Bi have boundary and the 
thickness of the bundle goes to as distance from the boundary of Bi grows to infinity. 

We claim that every leaf of T in U has to go into some arm Ai of U. In fact, let D be a 
component of dC(~)(dAi U- • -U dAi). Then D is contained in the transversal boundary of one 
of the Ai. Let E be an /-fiber in D. Then E connects 2 horizontal boundary components 
of Ai. Lift E to a transversal E in the universal cover connecting two boundary leaves of a 
connected lift U of U. Since the leaf space of F is homeomorphic to R, then the leaves in U 
all intersect E. Projecting down to M we obtain that all leaves in U intersect E, hence D. 

The claim implies that every leaf of T in U limits on points that the boundary leaves of 
Ai also limit on. This is because the thickness of the arms Ai converges to zero as distance 
from the core goes to infinity. Therefore, any leaf in U must limit on Z, hence it cannot be 
part of another minimal set, proving the third alternative. □ 

Notice that items 1 and 3 in proposition 14.11 are not mutually exclusive. 

In Dippolito's work the Ai are called foliated /-bundles. Here we restrict that termi- 
nology to foliations by Riemannian leaves so that local holonomy along the /-fibers are 
Riemannian isometries. (See the next section.) 

Proposition 14. II implies the Liouville property for R-covered foliations without compact 
leaves: 

Corollary 4.2 Let (M,J-) be a compact foliated space with Riemannian leaves. Suppose 
that the foliation is M-covered without compact leaves. Then continuous, leafwise harmonic 
functions are constant on M. 

Proof. Let g be continuous leafwise harmonic. By continuity, the closure of a leaf on which 
g = c, for some constant c, contains a minimal set where g = c. By the maximum princi- 
ple, the maximum and minimum values of g must be attained at points contained in leaves 
where g is constant. If there are no compact leaves, the previous proposition says that there 
is only one minimal set, therefore the maximum and minimum values of g coincide. □ 

There is more that can be said about R-covered foliations of a compact M when there 
are compact leaves: 

Proposition 4.3 Let the WL-covered foliation T be transversely orientable and have a com- 
pact leaf K . Let T be the manifold obtained by cutting M along K and letting T\ be the 
induced foliation on T. Then tt\{K) surjects in tti(T). //, in addition, dimM = 3 and M 
is not doubly covered by S 2 x S 1 , then T is an I -bundle and T\ is isotopic to a foliation 
transverse to the I-fibers. 

Proof. The claim about foliations in dimension 3 can be found in the proof of lemma 2.5 of 
[Fe| . This uses the fact that the foliation in T is /-covered and hence it is taut: every two 
leaves are connected by a transversal to the foliation. The first claim can be seen as follows. 
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Let 7 be a loop in T starting in K. Lift K, 7 to K and 7 starting at p. By transverse 
orientability then K locally separates M. Since the leaf space of T is R it follows that K 
is the unique lift of K to T. Therefore 7 ends in K. As T is simply connected, then 7 is 
homotopic to an arc in K, so 7 is homotopic to a loop in K. □ 

Proposition 14.31 makes it clear, at least in dimension 3, that in trying to prove the 
Liouville property for R-covered foliations, it is essential to understand the case of foliations 
transverse to J-fibrations. In the following sections we study the Riemannian version of this, 
which we refer to as foliated /-bundles. 

5 /-covered foliations 

We denote by Ti = M jT the space of leaves of the lifted foliation to the universal cover M 
of M. 

Proposition 5.1 Let T be a codimension-1 foliation of a compact manifold M with bound- 
ary dM = Aq U A\, where Aq and A\ are leaves of T . Suppose that no leaf of J- other than 
Aq and A\ is compact and that the space of leaves of T is Hausdorff. Then the leaf space 
Ti of J- is homeomorphic to a closed interval whose endpoints correspond to the unique lifts 
of Aq and A\, and every interior leaf limits on both Aq and A\. 

Proof. We first show that Ti is homeomorphic to [0, 1]. Suppose that there is a transversal 
arc in M connecting a leaf of T to itself. Join the endpoints by a path in the leaf to 
produce a closed curve. Since T is transversely orientable, this path can be perturbed to 
produce a closed transversal, 7, to T. As M is simply connected, 7 bounds a singular 
disc, D, which can be assumed to be in general position with respect to T . (See corollary 
7.1.12 of [CClj .) In particular, T is transverse to the boundary of D and it induces on D 
a singular 1-dimensional foliation, T* . The leaves of T* are transverse to the boundary of 
D and all singularities are isolated. By a standard argument there must be a limit cycle, 
7, in D, and the germ of holonomy of J-* is contracting on at least one side of 7. (See, for 
example, proposition 7.3.2 of [CClj : it is known that this argument, which is related to the 
Poincare-Bendixson theorem, can be carried out for C° foliations; see [So ] IGQj .) 

This closed curve lies on a leaf, B, of T having contracting holonomy germ along 7. But 
then, there are many leaves of J~ near B which cannot be separated from B, contradicting 
the assumption that Ti is Hausdorff. 

Hence any transversal to T intersects a given leaf at most once, and so Ti is a 1-manifold. 
It is clearly simply connected. In addition, it has a countable basis and is Hausdorff by 
assumption. Therefore, TL can only be homeomorphic to (0, 1), [0, 1), or [0, 1]. But it has 
at least two boundaryjaoints, which must be lifts of and A%. In particular, Aq and A\ 
have unique lifts to M, denoted A' and A\. It follows that Ti is homeomorphic to [0,1], 
where and 1 are identified with A' Q and A\, respectively. 

We now show that the interior leaves of J- must limit on both Aq and A\. First observe 
that T is transversely orientable. If not, some element of the fundamental group of M 
would switch the leaves A' Q and A'i in Ti, and these would project to a single leaf in M, 
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which is not the case. Suppose that an interior leaf L does not limit on one of the boundary 
leaves, say Aq. Consider all the lifts of L to M. Each of them separates A' from A[. This 
is because 7i is homeomorphic to [0, 1] and the projection from M to TL is continuous, so a 
path from A' Q to A[ produces a path from to 1. 

Let T denote the subset of TL corresponding to leaves of T that are separated from A' 
by some lift of L. The above properties show that T is connected and homeomorphic to an 
interval (c, 1] or [c, 1]. Clearly c < 1 since any lift of L separates A' from A^ and also c > 0, 
due to the assumption that L does not limit on Aq. Let be the projection map from M 
to TL. Let C be the leaf of T corresponding to c. In particular C is not a lift of Aq or A\. 
We will show that C projects to a compact leaf of J-, which is a contradiction. 

We claim that any covering translation of M must map C to itself. Covering transfor- 
mations induce an action by orientation preserving homeomorphisms of [0,1]. If there is 
h covering translation so that h does not leave C invariant, then up to taking an inverse 
we may assume that h(c) < c. This contradicts the definition of c as the infimum of 0(V) 
where V is a lift of L. 

Let 7r : M — > M be the universal cover projection. We now claim that 7r(C) is compact. 
Otherwise there is a foliation box Z in M in which a sequence of distinct sheets contained 
in 7r(C) limit on a sheet of J- in Z. Lifting coherently to M, we obtain a sheet B' of J- and 
a sequence of distinct sheets in translates of C that converge to B' . But this was disallowed 
by the previous paragraph. This shows that vr(C) is compact, contradicting the hypothesis 
on T. □ 

As an example to which proposition 15.11 applies, let M = K x I, where K is a compact 
Riemannian manifold and I = [0, 1], and T a continuous foliation everywhere transverse to 
the fibers of the fibration TT2 : K x I — > I, so that Ai = K x {i}, i = 0, 1, are leaves of T . 
The proof of the previous lemma is much simpler for this special case. 

6 Harmonic functions on /-covered foliations 

We describe here some basic consequences of assuming that an /-covered foliation carries 
a non-trivial leafwise harmonic function. Our goal is to show that under certain additional 
hypothesis there are no nontrivial such functions. 

Lemma 6.1 Consider the same setting and assumptions of proposition HOI If {M,F) 
admits a non-trivial leafwise harmonic function, then there exists a unique such function, 
f, with the properties: the range of values of f is the interval [0,1]; / equals on Aq and 
1 on A\; and the restriction of f to any leaf other than Aq and A\ has the range of values 
(0, 1). Any other leafwise harmonic function g is of the form g = af + b for constants a, b. 

Proof. Let g be a nontrivial leafwise harmonic function. As already remarked, g is constant 
on each compact leaf, hence let Oo, a\ be the constant values of g on Aq and A±, respectively. 
Without loss of generality we assume ao < <X\- Note that a\ and oq are the maximum and 
minimum values of g on M. In fact, suppose that a maximum value, c, of g was attained 
at an interior point, q. By the maximum principle the restriction of g to the leaf through 
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q would be constant, equal to c. Since an interior leaf must limit on both Aq and A\ by 
proposition 15.11 then ao = a\ = c. This forces the maximum and minimum values of g 
to coincide, a contradiction. (Similarly, if c is a minimum value.) The range of g on each 
interior leaf is the full open interval (ao, ai) due, again, to interior leaves limiting on Aq and 
A\. By composing g with an affine function of the line we obtain / with the claimed prop- 
erties. Uniqueness follows from the observation that if a leafwise harmonic function h is 
on Aq and A\, then the above argument shows that h is identically zero on all other leaves. □ 

For the next 2 results we assume that leaves of T have pinched negative curvature, so 
we can use the facts of section [2j 

Lemma 6.2 Assume, as in proposition \5.1\ that: J 7 is a codimension-1 foliation of a com- 
pact manifold M with boundary dM = AqUAi, where Aq and A\ are leaves of T ; no leaf of 
T other than Aq and A\ is compact; and the space of leaves of T is Hausdorff. In addition, 
suppose that the leaves of T have negative sectional curvature and that (M, J-) admits a 
non-trivial leafwise harmonic function. Let f be the unique such function taking value i on 
Ai, i = 0, 1. Then the following properties hold: 

1. Bt is transient in M \ dM; that is, for any interior point p of M , and any compact 
set V C M\ dM containing p, then for P p -a.e. uj £ Q, there is t(uj) < oo such that 
Bf(uj) lies in the complement of V for all t > t(u). In other words, with probability 
one, Bt converges towards Aq or A\; 

2. Let L be the leaf through p G M , L the leaf through a lift p' of p, f the lift of f to L, 
and S(oo) the ideal boundary of L. Then there exists a measurable set S\ C S(oo) for 
which the following holds: (i) almost surely, Brownian motion B\ (in L) converges to 
a point in S\ if and only if Bf converges to A\; (ii) the probability that B\ converges 
to A\ equals f(p) = /j,p>(Si); 

3. For every p and a.e. unit vector v € T~T with respect to the harmonic class, viewed 
here as a measure class on T^T ', the geodesic ray with initial conditions (p, v) converges 
to either Ai, if v corresponds to £ in Si, or Aq otherwise. (We make no similar claim 
for the visual measure on ThJ- '.) 

Proof. These assertions are consequences of proposition 13.11 lemma 16.11 and the various 
facts about Brownian motion and boundary values of harmonic functions enumerated in 
section [2j The curvature pinching —b 2 < K < —a 2 < holds since M is compact. It is 
convenient to pass to the universal cover (M,T). The lifts of the two compact leaves are 
denoted A' { , i = 0,1. Then the above properties follow from the corresponding assertions 
for the lifted Brownian motion. 

A key point to note is that, as t — > oo, the distance between Bf(u>) and Ai goes to zero 
if and only if f(B% (uj)) converges to i since / is continuous, equals i on Ai, maps interior 
points of M into (0, 1), and f(B\ (uj)) = f(Bf(u>)). This occurs because the corresponding 
fact holds in M, since M is compact. 

Now the limit f(Bf ) exists with P p> -probability 1 and equals g(B P <) ), where g is a func- 
tion on 5(00) such that / = H g . But by proposition 13.11 and since / is not constant on 
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any leaf except for A' and A'i, it follows that, almost surely, g only takes the values and 
1. Therefore, g can be taken to be the indicator function of a subset of S(oo), denoted S±. 
This shows assertions 1 and 2. The last statement of assertion 2 follows from property [J] of 
Brownian motion. Assertion 3 is a consequence of the existence of non-tangential limits of 
harmonic functions on S (oo). (Property [U] of section 0) □ 

The main conclusion of lemma HOI (parts 1 and 2) is summarized in the next corollary. 

Corollary 6.3 Let T be a codimension one foliation of a compact manifold M with bound- 
ary dM = AqU A\, where Aq and A% are leaves of T; no leaf of T other than A§ and A\ is 
compact; the space of leaves of J- is Hausdorff; and leaves have negative sectional curvature. 
If (M, J 7 ) admits a non-trivial leafwise harmonic function, then the unique such function f 
taking values i on the boundary leaves Ai, i = 0,1, satisfies: f(p) is the probability that the 
foliated Brownian motion starting at p converges to A\ . 

We refer to the function / as the normalized leafwise harmonic function on (M, T) ■ 

7 Foliated bundles and monotonicity of / 

It is natural to ask whether the normalized leafwise harmonic function /, which varies from 
to 1 in the way from Aq to A±, is in some sense transversely monotone. It is not clear how 
such a property should be defined for general /-covered foliations, where the manifold may 
not even have an /-bundle structure. Here we make the additional restriction that (M, T) 
be a foliated /-bundle, as defined below. 

We first recall some definitions. Let K be a compact n — 1-dimensional manifold and 
7r : M — > K a fiber bundle whose fibers are everywhere transverse to a foliation J- ' . We 
assume that the restriction of tt to any leaf of J- is a Riemannian covering of K. We say in 
this case that (M, T) (together with the map tt) is a foliated bundle with base manifold K. 

A foliated bundle also has the following description. Let X = ir~ 1 (q), q G K, represent 
a typical fiber of it : M — *■ K (a compact topological space) and let p : m(K,q) — > 
Hom(A) denote the holonomy representation of the fundamental group of K acting on X 
by homeomorphisms (or C r diffeomorphisms, if the foliation is C r ). Let K be the universal 
covering of K. Then it can be shown that the quotient space (K x X)/T for the natural 
action of T = m(K,q) on the product is isomorphic as a foliated bundle to (M, J 7 ). 

We are especially interested in the case where K has negative sectional curvature and 
the fibers of the foliated bundle are homeomorphic to the interval X = I = [0,1], where 
and 1 are fixed points of p. We refer to this setting as a foliated I-bundle with negatively 
curved leaves. For these /-bundles, M has two boundary leaves, which are isometric to 
K. As already noted, the foliation is transversely orientable since an orientation reversing 
transformation would have and 1 in the same orbit of p, and M would have only one 
boundary component rather than two. 

On M, the map along /-fibers from K to the lift of any leaf is a global isometry. Also 
M is diffeomorphic to the product K x /, so we can introduce a global height function 
rj : M — *■ [0, 1] corresponding to the projection on the second component of the product. 
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This is a smooth function on M. Let Ai be the boundary leaf of M corresponding to rj = i, 
i = 0,1. Let q be any point in K and fix a lift q' € K. For any p G ir~ 1 (q), let L be the leaf 
of J- through p. Then there is a unique local isometry 

$p : K — > L, with $ p (g') = p and 7r o <J> p : K —» K 

is the universal covering map of K. 

Let B\ denote Brownian motion on on K with initial point q' . This is the same as the 
lift of Brownian motion, B q , on K with initial point q. Then Brownian motion Bf on L, for 
any p in the fiber above q, has a version given by $ p o B\ , which is also the lift to L of B^. 
This is because the restriction of n to any leaf of J- is a Riemannian covering. The fact that 
Brownian motion along leaves can be, in this sense, "synchronized" along the /-fibers is the 
main feature of the Brownian motion on (M, J~) that we need here to deduce the property 
that if a non-trivial leafwise harmonic function existed, then it would be monotone. This 
observation is the content of the next lemma. 

Lemma 7.1 Suppose that the foliated I -bundle has no compact leaves other than Aq and 
A\, leaves have negative sectional curvature, and there exists a non-trivial leafwise harmonic 
continuous function. For any p S M, let f(p) be the probability that the foliated Brownian 
motion starting at p will converge towards the boundary leaf A\ . Then for each q £ K , the 
restriction of f to the fiber ir~ 1 (q) is a weakly monotone increasing function. 

Proof. Recall that, if a non-trivial leafwise harmonic function exists, the unique such func- 
tion taking values % on Ai, i = 0, 1, is /. This is due to corollary 16.31 As T is transversely 
orientable, given any two points p\,P2 in the fiber above q and any continuous curve B^ 
on K starting at q', with q' a lift of q to K, we have 

r](pi) < r,{p 2 ) => 7/($ w o Bf) < 7?($ P2 o Bf') 

for all t > 0. It follows that the event J2£ that Bf 1 limits on A\ can be regarded as a subset 
of the event ril that Bf 2 limits on Ai. Since the probabilities of these events are f(p\) and 
f{p2)i respectively, we must have f{p\) < f(p2)- D 

Proposition 7.2 Let {M,T) be a foliated I -bundle, I = [0,1], with base manifold K, 
where K is a compact Riemannian manifold of negative sectional curvature. We assume 
that there are no compact leaves in the interior of M and that there exists a non-trivial 
leafwise harmonic function. Let f be the normalized such function. Then, after possibly 
blowing down interval-bundles in {M,T), the restriction of f to each L-fiber is a strictly 
increasing function onto L. 

Proof. Let Aq and Ai be as in lemma EU and U = M \ (Aq U Ai). We first make the 
following general observation. Let If be a noncompact foliated interval bundle in U. The 
lower and upper boundary leaves of W, denoted Lq and L\, respectively, are allowed to 
be the same. Let pi G Li, i = 0,1, be points in the same /-fiber. There is an isometry 
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from Lq to L\ which sends Brownian motion in Lq starting at po to Brownian motion in 
L\ starting at p\. As in the proof of proposition 14.11 consider the octopus decomposition 
of W . By lemma 16. 2| Brownian motion Bf° in Lq converges to either Aq or A\ almost 
surely. In particular, it escapes into the arms of W almost surely. Since the thickness of 
these arms converges to 0, then Bf° converges A\ if and only if Bf 1 converges to Ai, and 
similarly for Aq. (Note that the index i of the Ai to which both Bf° and Bf 1 converge is a 
random variable, that is, a measurable function of the sample path.) Notice that this does 
not work in general if Lq and L\ are not contained in a foliated /-bundle of T . We now lift 
all these sets to the universal cover M of M and let / be the pull-back of / to M. Let Li, 
A\, denote the lifts of Lj, A4, respectively, for i = 0,1, where the Lj are boundary leaves 
of a connected lift of W. Consider the isometry $ : Lq — > L\ defined via the holonomy 
map along /-fibers and fix p\ £ Lj such that $(p' ) = p[- Denote by S(Li) the set in the 
ideal boundary of /j consisting of limit points, B^, of Brownian paths converging to A^. 
Then S(Lq) and S(Li) are identified under the map induced by on the ideal boundaries. 
Therefore, /|^ and & have almost surely the same boundary values at infinity and 

thus define the same harmonic function on Lq. This remark clearly also applies to any pair 
of leaves between Lq and L\. This shows that / is constant along subsegments of /-fibers 
contained in W. 

First assume that some leaf / in U accumulates only on Aq and A\. Let W be the 
metric completion of W = U \ L. For every p in /, the path starting at p moving upwards 
along the /-fiber of p will hit / again. But / does not limit in U (that is, / is properly 
embedded in U), so it makes sense to consider the first hit point from p back in /. We 
obtain in this way a function from / to itself that is easily seen to be an isometry and 
is given by the holonomy map of an /-bundle structure on W. By the argument of the 
previous paragraph the restrictions of / to the lifts of the boundary leaves of W are equal 
on endpoints of /-fibers of W. But the top and bottom boundaries of W map to the the 
same leaf /. Therefore, the lifts of W cover M \ (A' U A^). This shows that the restriction 
of / to each /-fiber is constant, contradicting that f = i on A,, i = 0,1. 

It will be assumed from now on that every leaf in U limits on U. Suppose now that 
there exist distinct points po,pi on the fiber I q of q in the base manifold K such that 
f(po) = f(pi). We want to show that these points lie in the closure of a foliated /-bundle 
in U. Take the interval / C I q with endpoints Pq,P\ to be maximal, i.e., pq is the lowest 
point in I q such that f(po) = f(pi), and p\ is the highest. Notice that / is contained 
in the interior of I q because /(0) = and /(l) = 1. Pass to the universal cover M and 
consider the harmonic function g = $ — f\E , where E{ stands for the leaf of T 

through lifts p\ of pi on the fiber I q / of a lift q' of q, for i = 0,1. Here, $ is the fiber- 
respecting Riemannian isometry from Eq to E\ such that <&(po) = p\. By lemma [7TT| g is 
a non-negative harmonic function on £^0 such that g(p ) = 0. The maximum principle now 
implies that g is identically 0. Let J' be the interval of I q i with endpoints p ,Pi- 

Now consider the returns of / to I q under the foliation holonomy. From what has been 
shown, on any such interval return the function / is constant and the interval is maximal 
relative to this property. Therefore, the returns are either equal to / or disjoint from /. In 
other words, the leaves of T through po,p\ are the boundaries of an /-bundle in U. To see 
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this, consider the set W of leaves of J- through J. For any element 7 of 7ri(M), consider 
7(J). Move it along by holonomy of J 7 to a subinterval J\ of I q . What has been shown 
above is that either J\ equals J or it is disjoint from J. This shows that 7(V^) is either equal 
to W or disjoint from W. Hence W projects to a foliated /-bundle in M whose boundary 
leaves are the leaves through p$ and p\ . 

So far we have proved that whenever / takes the same value on two distinct points of 
any /-fiber, there is an /-bundle containing the two points such that / is constant on each 
fiber of it, and the /-bundle is maximal relative to this property. 

Now let U be the union of the interiors of all these /-bundles. The complement of U 
is a closed ^-saturated set in M and its intersection with I q is a closed subset V C I q 
invariant under holonomy of J 7 . V does not have isolated points: if v in V is isolated then 
the two open intervals in I q \ V abutting v would have the same value of /, contradicting 
the maximality property above. Hence V is a Cantor set. 

We can now collapse every /-bundle to one of its boundary leaves. This operation is 
done at most countably many times. There is an induced collapsed foliation and induced 
continuous function which is harmonic on leaves of the new foliation. The new function is 
now clearly strictly monotone along fibers. □ 



8 The Lipschitz property 

Although we have assumed that the foliation and harmonic functions are only continuous 
transversely, it turns out that more regularity can be deduced in the case of foliated I- 
bundles. This fact will be essential in proving the main result. 

Let (M, J 7 ) be as in proposition 17.21 and suppose that a non-trivial, continuous leafwise 
harmonic function exists. Let / be, as above, the unique such function taking values and 1 
on the boundary components of M. We assume that we have done the collapsing operation 
of proposition 17.21 so that / is strictly increasing on /-fibers. Let tt : M — > K be the bundle 
map and define 

*:M-JTxI, *(p) = (7r(p) ) /(p)). 

Then ^ is a bijection. (Recall that if a fiber in M is identified with / = [0, 1] then the 
restriction of / to that fiber is a bijection from / to itself.) Since / is continuous on M 
and smooth along leaves, is continuous on M and smooth along leaves of T. It can also 
be shown, using the strict monotonicity of /, that \& maps T to a continuous foliation, 
J 7 ' , of K x / whose leaves are smooth and transverse to the fibers of the product fibration 
7Ti : K X / — ► K. We remark that T' is, like J-, a foliated bundle over the same base K, 
but it has the following additional property: sheets of T' in any foliation box of the form 
tt^ 1 (D) are graphs of harmonic functions from a sufficiently small disc D in K to [0,1]. 
In particular, if S is an interval in a fiber I qo = 7r^~ 1 (go) and S q is the image of S under 
local holonomy of T from I qo to I q , then by fixing qo and letting q vary, the length of S q 
is a harmonic function of q, since it is the difference between two locally defined harmonic 
functions corresponding to two different sheets of J-' . 
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Similarly, the height function tt2 : K x I — > I is a non-trivial leafwise harmonic function 
for J 7 '. A foliated /-bundle in K x I having the property that 7T2 is leafwise harmonic will be 
called a harmonic foliation, and T' may be viewed as a "harmonic straightening" of (M, F). 
(No assumption on the curvature or topology of leaves is made in this definition.) It should 
be emphasized that the concept of a harmonic foliation is rather restrictive. In fact, under 
the fairly general assumptions of proposition 110.11 we show that a harmonic foliation is a 
product. This will contradict the existence of non-trivial leafwise harmonic functions under 
the conditions of theorem 11.21 

Lemma 8.1 Suppose that the compact manifold K has negative sectional curvature and let 
J- be a foliation of M = K x I having the properties: (i) (M,J-) is a harmonic foliation 
and (ii) no interior leaf is compact. Then T is transversely Lipschitz. 

Proof. It is convenient to pass to the universal cover M = K x I. The leaves of the lifted 
foliation, are now isometric to K under the natural projection. We fix throughout the 
proof two points qi,q 2 £ K and use the natural parameter t € [0, 1] to represent a point on 
the fiber I qi = {q{\ x [0,1], % = 1, 2. The holonomy map from I qi to I q2 is then given by a 
strictly increasing function t i— > H(t) onto [0,1]. Our goal is to show that this function is 
Lipschitz. 

Due to (i) and (ii), Brownian motion starting at p = (q,t) £ M converges to A\ with 
probability t. This follows from corollary 16.31 and from the fact that the height function, 
h = 7T2, is leafwise harmonic. (Clearly, this also holds for t = and 1.) Let L be the leaf of 
T through p and let Ai(L) be the measurable subset of the ideal boundary of L where H\l 
has boundary values equal to 1. (Recall lemma lfT2| part 2.) Then 

t = h{p) = n P {Ai(L)). 

(This is due to the same lemma; fj, p is the harmonic probability measure described in section 
[2j) It will be convenient to be more explicit and denote Ai(q,t) := A\{L). Note, however, 
that this set only depends on the leaf L, so the following relation holds, by definition: 

Ai(q 1 ,t)=A 1 (q 2 ,H(t)) 

for all t G [0, 1]. Using the Riemannian isometry : L — > K we may identify the ideal 
boundary of any leaf L with the ideal boundary, <S(oo), of K and the harmonic measure \i v 
with (jL q , q = ni(p). From now on, we regard each A\{q,t) as a subset of S{oo) and write 
t = n q (Ai(q,t)). The same argument used to prove monotonicity of the leafwise harmonic 
function in lemma [T7L1 also shows that A\(q, s) C A±(q,t) whenever s < t. This shows that, 
for any fixed q S K, 

t-s = fi q (Ai(q,t) \Ai(q,s)). 

Now, for any given Borel set U C S(oo), the function q i— > fJ> q (U) defined on K is harmonic. 
By the Harnack inequality there exists a constant C = C(q\, q 2 ) > so that 

fx q2 (U)<CfM qi (U) 
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independent of U. It follows that 



H(jt)-H(8) = ii ga (A 1 (q 3 ,H(t))\A 1 (q 3 ,H(8))) 
= V>q;i(Ax(qx,t)\Ai(qi,s)) 
< Cfx qi (Ax(qx,t)\Ax(qx,s)) 
= C(t-s). 

Therefore, H is locally Lipschitz. Now, the Harnack inequality shows that the correspond- 
ing C(q,q') is bounded for (q, q') in a compact neighborhood of any (qx,q2), hence T can 
be covered by foliation charts with Lipschitz transition functions. By compactness of M it 
follows that T is Lipschitz. □ 



9 Stationary measures 

Stationary measures under foliated Brownian motion were introduced and studied in |Gaj . 
where they were named harmonic measures. Since we have been using the term to desig- 
nate the measures \x v on the Poisson boundary (see section [2j this is the more traditional 
terminology from probability theory) we will refer to Garnett's measures as stationary (for 
the foliated Brownian motion) or harmonic in the sense of Garnett. See |Ca| and chapter 2 
of [CC2] for a comprehensive overview of the subject. 

The definition is as follows. Let {M,T) be a foliation by Riemannian leaves and A the 
Laplace-Beltrami operator on leaves. A Borel measure m on M is harmonic in the sense of 
Garnett if Am = 0. By the duality between measures and functions, this is interpreted by 
J M A(p(x)dm(x) = 0, for all compactly supported smooth functions, on M. (By general 
measure theory, m must be a regular Borel measure. See [Ruj . theorem 2.18.) 

It is shown in |Ga] (see also proposition 2.4.10 of [CC2]) that m is harmonic in the sense 
of Garnett if and only if, on any given foliated chart U = D x Z with transversal Z, m 
can be disintegrated as dm = h(q,t)da(q)du(t), where a is the measure on sheets induced 
by the Riemannian volume form, v is a measure on Z, and q i— > h(q, t) is a non-negative 
harmonic function on D x {t} for u-a.e. t € Z. 

Proposition 9.1 (Garnett) Letm be a harmonic probability measure on the foliated man- 
ifold [M,J-) and f a measurable, m-integrable, leafwise harmonic function on M. Then f 
is constant on m-a.e. leaf. 

Proof. We refer the reader to [Ga| or |CC2j . This corresponds to proposition 2.5.6 of [CC2] 
and the fact that leafwise harmonic functions are precisely the functions which are invariant 
under the diffusion semi-group, denoted D t in [CC2j . □ 

In the present paper, the function / to which this proposition is applied is continuous, 
so the conclusion is that / is constant on any leaf in the support of any harmonic measure in 
the sense of Garnett. (Recall: a point p of a compact Hausdorff space lies in the support of a 
finite regular Borel measure if, by definition, every neighborhood of p has positive measure, 
so arbitrarily close to p in the support of m there are leaves on which / is constant.) 
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10 Harmonic foliations and stationary measures 



In this section we use stationary measures to prove that if J 7 is a Lipschitz harmonic foliation, 
then J- is the product foliation. This is then used in the next section to prove the main 
theorem. The result of this section is very general in that we do not assume that leaves of 
T have negative curvature nor that T does not have compact leaves in the interior of M. 
These further conditions will be imposed in the next section. 

Recall the setup of section [8) Let M = K x I , I = [0,1], and let T be a foliated /-bundle 
of M. Let h := tt2 : M — > I be the projection map. We assume that h is a leafwise harmonic 
function. In other words, the leaves of T are locally graphs of harmonic functions. This 
(M, T) is called a harmonic foliation. In addition we assume that J- is Lipschitz continuous, 
that is, its holonomy satisfies the Lipschitz property. 

Proposition 10.1 Let (M, T) be a Lipschitz continuous harmonic foliation of M = K x L, 
where K is a compact Riemannian manifold. Then J- is the product foliation. 

Proof. Let u denote the normalized Riemannian volume form on K, so that the total 
volume is 1, and let m denote the probability measure associated to the product volume 
form v = to A dt on M. We claim that m is a harmonic measure in the sense of Garnett. As 
remarked in section [9j to show the claim it suffices to verify that the density functions for 
the disintegration of m on a foliation box are harmonic on sheets. 

Let W be a foliation box of the form 7r7 (D), where D is a small enough Riemannian 
ball in K with center qo, and define the the map 

$:DxI^W by *(?,t) = (?,¥>(?,*)), 

where for each fixed t, the graph of q i— > (p(q, t) is the sheet of T in W through the point 
(qo,t). In particular, tp(qo,t) = t. As J 7 is a foliated bundle, the restriction of m to each 
leaf is a local isometry onto K with local inverse q i— > (q, <p(q, t)) for some t and go- So for a 
fixed qo, we have that t i— ► </?(•, t) is a one-parameter family of isometries from D to sheets 
of W. Since the holonomy of T is Lipschitz, the function <p is jointly Lipschitz in q and t 
and smooth in q. Denoting by L q = {q} x I the fiber ir^ 1 (q) above q G K, note that the 
map Hq(t) = <p(q,t) is the holonomy map over D from L qo to L q . Thus $ is a Lipschitz 
homeomorphism from D x I onto W. 

As $ is Lipschitz, the pullback v' = Q*v is a measurable, bounded form on D x I by 
Rademacher's theorem on Lebesgue a.e. differentiability of Lipschitz functions. (Theorem 
3.1.6 of [Fed].) As v' and v are top-degree forms, there is a bounded measurable function 
F on D x / such that 

v' q t = F(q, t)u q A dt. 

An elementary Jacobian determinant calculation gives that F(q,t) = <ft(q,t), whenever 
<pt(q,t) exists, where (ft denotes partial differentiation with respect to t. In fact, for a.e. 
(q, t) and all u € T q K x {0} C T q ^(K x I), denoting t = 4r, then d<fr q ^u = u + ct for some 
scalar c and d& q:t T = ip t (q,t)r, so the determinant of d<$> q:t with respect to a basis adapted 
to the product K x / is (ft(q,t). Furthermore, the change of coordinates formula holds: 

f gdm= ! [ (go$)(q,t)F{q,t)da(q)dt 
JM JO JK 
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for any continuous function g with compact support in W. (This is easily derived from 
theorem 3.2.12 of [Fed| .) Here a is the normalized measure associated to the Riemannian 
volume form u. In particular, this shows that the F(q,t), when they exist, are the density 
functions for the disintegration formula in the foliation boxes. 

Therefore, to prove the claim that m is harmonic we need to verify that (p t (q,t) is a 
harmonic function of q on D for almost every t. To see that this is the case we first define: 

Tl . \ <p(q,t + s) -<p(q,t) 

L(q,t,s) = . 

s 

Note that q i— > L(q, t, s) is a positive harmonic function for each fixed t and s. Let U 
denote the set of (q, t) € D x I where the limit of L as s —* exists. This set is easily 
seen to be measurable. Since ip is Lipschitz, U has full measure with respect to the product 
measure on D x I. Now apply the standard Fubini theorem on product measure spaces to 
the characteristic function of U to obtain that, since U has full measure, the slice 

U t := U n (D x {t}) 

has full measure for a.e. t. Therefore, for a.e. t € 7, lim s ^ L(q, t, s) exists (and is bounded) 
for a.e. q £ D. If for a given t the limit is for a.e. q, then <pt(-,t) agrees a.e. with a 
(constant) harmonic function and the claim holds. Now fix a t for which Ut has full measure 
in D and suppose that for some q' € Ut the limit is positive. Then the family 

l(-,t,s) =L(;t,s)/L(q',t,s) 

of positive harmonic functions satisfies l(q',t,s) = 1 for each s. By the Harnack principle 
(see section [2]), there is a subsequence s n — > such that l(-,t,s n ) converges to a positive 
harmonic function on Ut- Therefore (ft(-,t) agrees a.e. in D with a positive harmonic 
function. This concludes the proof that m is a harmonic measure in the sense of Garnett. 

We can now apply proposition 19. II to obtain that the height function h must be constant 
a.e. on the support of m. But m has full support, so h is constant on leaves everywhere. 
Therefore, J- is the trivial foliation. □ 



11 End of proof of the main theorem 

We have finally obtained the desired contradiction to the existence of non-trivial harmonic 
functions on foliated /-bundles. 

Lemma 11.1 Let (M,J-) be a foliated I -bundle with base manifold K , where K is a com- 
pact Riemannian manifold of negative sectional curvature. Suppose that no interior leaf is 
compact. Then T does not admit continuous, non-trivial, leafwise harmonic functions. 

Proof. This is now an immediate consequence of propositions 17.21 110.11 and lemma 18.11 
Assume by way of contradiction that (M, T) has a nontrivial leafwise harmonic function /, 
which we take to be normalized. Proposition 17.21 shows that after a blow down of /-bundles 



22 



of T we can assume that / is strictly increasing along /-fibers. The map *S>(p) defined prior 
to lemma [87T1 transforms this into a harmonic foliation in K x /. Lemma [8.11 shows that this 
foliation is Lipschitz. Proposition 110.11 shows that the new foliation is a product foliation, 
contradicting the fact that the original foliation did not have compact leaves in the interior. 
□ 

Theorem 11.2 Let (M,J-) be a continuous foliated S 1 -bundle with base manifold K, where 
K is a compact Riemannian manifold of negative sectional curvature. Then T does not 
admit a non-trivial, continuous, leafwise harmonic function. 

Proof. If there are no compact leaves, the theorem reduces to corollary 14.21 since a foliated 
5 1 -bundle is M-covered. Otherwise, let K, be the union of all compact leaves. By a well- 
known theorem of Haefliger /C is a compact set. The maximum principle implies that any 
leafwise harmonic function on M is leafwise constant on /C, so we may assume that M\fC is 
non-empty. Let U be a component of the complement of K,. Then the metric completion of 
U is an interval bundle with compact boundary leaves and no compact leaf in the interior. 
We can now apply lemma Hi. II to conclude the proof. □ 

Essentially the same argument shows the more general theorem 11.31 If there are no 
compact leaves, the result follows from corollary 14.21 Otherwise, the proof reduces to the 
foliated interval bundle case just as was done above for foliated circle bundles. 

12 Discretization 

Let r be a countable group of isometries of a connected Riemannian manifold D such that 
D/T is a compact manifold. We assume that D is transient, i.e., for any p € D, Brownian 
motion starting at p eventually escapes any compact set almost surely. Of particular interest 
for us is the hyperbolic disc D = O. In addition to the properly discontinuous action on 
D by isometries, we assume that T acts via homeomorphisms on a compact space X. For 
simplicity, the same notation will be used for both actions. 

We describe in this section a bijective correspondence between leafwise harmonic func- 
tions on the foliated X-bundle (M,J-) over D/T and harmonic functions in a discrete sense 
to be defined below for the T-action on X. The reason for assuming D transient is that, 
in the alternative (D recurrent), bounded harmonic functions on D are constant and the 
results below become trivial. (See, e.g., theorem 2.1, section 4, of [Anj .) 

Let V be a countable set and P : V x V — > [0, 1] a Markov transition kernel. This means 
that Ylvev P( u i v ) = 1 f° r each u € V. We regard V as the set of states of a Markov chain 
with probability P(u, v) of transition from state u to state v. A real valued function ip on 
V is called P-harmonic if <p = V<p, where we define 

Vip{u) = P(u,v)<p(v) 

for each u. The transition probabilities can also be expressed by a family of probability 
measures, u i— > n u on V, where (i u (A) = X^gA P(u, v). 



23 



Now take V to be the orbit T ■ po of a point po in D. If P("yu, 717) = -P(u, u) for all 
u,v £ V and 7 € T we say that the Markov kernel is compatible with the action of T on 
D. More generally, it will be considered below functions P : D x V — > [0, 1] such that 
X^eV ^(P) u ) = 1 f° r an p £ D. We also refer to such P as a Markov kernel and define 
compatibility similarly. 

Let Hb(V, P) denote the space of all bounded P-harmonic functions on V and H^D, A) 
the space of all bounded harmonic functions on D with respect to the Laplace-Beltrami 
operator. The following theorem says, in essence, that these spaces are isomorphic when P 
is a well-chosen Markov kernel on V. The isomorphism amounts to restricting functions of 
D to V. In particular, bounded harmonic functions on D can be completely recovered given 
their values on only a discrete set of points in D. Theorem 112.11 is a special case, sufficient 
for our needs, of a discretization property first observed by Furstenberg [Fu| for the group 
of isometries of D and later generalized by Lyons and Sullivan in LSJ and others. We refer 
the reader to theorem 1.1, section 4 of [Anj . 

Theorem 12.1 (Furstenberg, Lyons-Sullivan) Let D andV = T-pQ be as above. There 
exists a Markov transition kernel P : D x V — * (0, 1) (strictly positive) such that the 
operation V : Hb(V, P) — > Hb(D, A) defined by 

is a bijection. The inverse V~ l is the restriction operation f 1— ► f\v- Furthermore, P is 
compatible with the T -action on D and V . 

The Markov kernel P of theorem 112.11 is associated to a probability measure fi on T 
defined by ^(7) = -P(7Po;Po)- We call \x a discretization measure on Y . This is the measure 
referred to in corollary 11.51 Compatibility of P with the T-action implies P(^Po,i]po) = 
n{r]~ 7) for all 77,7 € T. 

Our goal is to derive for foliated bundles a discretization result similar to theorem 112.11 
Let X be a compact topological space and suppose that the group V of isometries of D also 
acts on X. The latter action is given by an arbitrary homomorphism of V into the group 
of homeomorphisms of X. 

A probability measure \x on T (shortly it will be assumed that [i is a discretization 
measure) induces a Markov transition kernel on X by setting P(x, y) equal to the sum of 
{/x(7) : 7 G r and y = 72;}, and P(x,y) = if y and x do not lie on the same T-orbit. 
Notice that for any given x the probability P(x, y) is nonzero for at most countably many 
y. (By a Markov transition kernel on X we mean that the sum of P(x, y) over y equals 1 
for all x.) The associated operator V acting on continuous functions on X is 

v<p(x) = J2^) L f( r yx)- 

A function ip on X is said to be //-harmonic if 99 = Vip. The space of continuous //-harmonic 
functions on X will be denoted by H(X,T, /i). 
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Let now (M, T) be the foliated X-bundle associated to the given T-action on X. Thus 
M = (D x X)/T is the orbit space for the action ^(p, x) = (773, yx). As before, the space of 
continuous leafwise harmonic functions on M will be written H(M,J r ). We wish to define 
a sort of restriction map, R, from the space of continuous functions on M into the space 
of continuous functions on X. Given / : M — > R continuous, write / := / o tt, where 
7r : D x X — > M is the projection map. Notice that / (7^,72) = f(p,x). Now fix a point 
Po £ D and define P by 

-ft/Or) := f{Po,x). 

Let V = r • pq, a discrete subset of D. We emphasize that the discretization measure fi in 
the next theorem is the same one obtained from theorem 112.11 and does not depend on the 
choice of T-space X. 

Theorem 12.2 (Discretization) Let D be a transient Riemannian manifold, T a group 
of isometries of D such that D/T is a compact manifold, and fj, a discretization probability 
measure on T. Let (M,T) be a foliated bundle with fiber Xand base space D/T. Then the 
restriction map R : H(M, J-) — > H{X, T, fj,) is a bijection. Furthermore, continuous leafwise 
constant functions on M correspond bijectively under R to T-invariant continuous functions 
on X. In particular, (M, T) has the Liouville property if and only if continuous [i-harmonic 
functions on X are T-invariant. 

Proof. Having fixed po € D, the measure \i is defined by ^(7) := P(7y?0)Po); where P is 
a T-compatible Markov kernel on V = T ■ po given by theorem 112.11 This implies that 
the condition f(u) = Y^vev v )f( v ) characterizing a P-harmonic function / on V is 
equivalent to 

/(7P0) = fiVPo)^' 1 !) (!) 

for all 7, 77 € T. This uses the fact that P(7Po>Wo) = M 7 ? _1 7)- 

Now, let / G H(M,J 7 ) and define the notation $> po (x) := Rf{x) = f(po,x), x G X. 
Notice that fi'jpo^x) = f(po,x). Since p 1— > f{p,x) is harmonic on D, its restriction to V 
is P-harmonic by theorem 112. 1[ Note that 

for all x € X. I.e., Rf belongs to H(X,T, //). In fact, 

£/(rW)KO 

by equation [T] with 7 = e, 77 = and /(it) = f(u,x). This is because / is the restriction 
to r • po of the harmonic function using again theorem 112.11 



0. 
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An equally straightforward manipulation gives the converse: start with <3? in H(X, T, /i) 
and define g : V x X — > E by 

Then the P-harmonic condition Q] 



5>( 7 x) 

^$( 7? - 1 77 - 1 x )^( r? - 1 7 ) 

By theorem 112, 1\ g(-,x) is the restriction to V of a harmonic function g(-,x) on D. The 
functions p 1— > g(p, rjx) and p 1— > g(i]~ 1 p, x) are both harmonic and agree on V, so they must 
coincide on all of D, again by theorem 112.11 Therefore g satisfies g(r)p,x) = g(p,r/~ 1 x) for 
all p, x, rj, hence there exists g : M — > R such that g o n = g. 

To conclude that g E H(M, J-) we need to argue that g is continuous onflxl. Clearly 
p 1— > g(p,x) is continuous for each x G X. Also note that x 1— ► 5(7^0;^) is continuous 
for each 7 £ T. We claim that a; 1— ► £/(-,x) i s a continuous map from X into the space of 
bounded harmonic functions on D. By adding a positive constant to g if necessary, we may 
assume without loss of generality that g > 0. Now define F(p, x) = g(p, x)/g(po, x). By the 
Harnack principle (see section [2]) the space of non- negative harmonic functions h on D with 
the normalization h(po) = 1 is compact in the topology of uniform convergence on compact 
subsets. Let x n be a sequence in X converging to x. By passing to a subsequence we may 
assume that F(-,x n ) converges to a harmonic function h on D. We need to show that h = 
F(-,x). But hfapo) = F(jpo,x) for all 7 G T since x 1— > F{^po,x) is continuous. Therefore, 
h(p) = F(p, x) for all p E D by theorem ll2.11 Multiplying F back by the continuous function 
g(po,-) implies that the sequence of functions g(-,x n ) converges uniformly on compact sets 
to g(-,x). This proves that g is continuous. 

Thus we obtain g S H(M, J-). It is a direct consequence of the definitions that <I> 1 — ^ (7 is 
the inverse operation to R. It is also clear that leafwise constant functions on M correspond 
to T-invariant functions on X since 

g(lPo, x) - g(p , x) = $(7 _1 x) - $(x) 

for all 7 G r and x G X. □ 

Corollary 11.51 now follows from theorem 11.21 and theorem 112.21 applied to X = S 1 . 



holds. This is seen as follows: 

g(lPo,x) = 
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13 Discrete holomorphic functions 



It is interesting to note that the discretization theorem allows one to define a notion of 
holomorphic function in the discrete setting: let T be a group of covering transformations 
of a simply connected, transient Kahler manifold D such that D/T is a compact manifold. 
We call such V a transient Kahler group. Suppose that Y acts on a compact topological space 
X by homeomorphisms. Given a discretization measure /i on T we say that a continuous 
<I> : X — > R is /i-holomorphic if R~ l <& is the real part of a leafwise holomorphic function 
on the corresponding foliated X-bundle. (We may, of course, also consider complex-valued 
functions.) We recall that R is the restriction map defined immediately before theorem 

MM 

We illustrate the concept of /i-holomorphic function by stating a discretized version of 
the following fact about foliations. 

Proposition 13.1 (|FZlj) Let (M, JF) a compact, connected foliated manifold with com- 
plex leaves. Suppose that the closure of each leaf of T contains at most countably many 
minimal sets. Then J- has the holomorphic Liouville property. 

The next proposition follows immediately from the previous one and theorem 112. 2i 

Proposition 13.2 Let a transient Kahler group T act by homeomorphisms on a compact 
topological space X , and let ^ be a discretization measure on T. Suppose that the closure of 
each T-orbit contains at most a countable number of minimal sets. Then every continuous 
jjL-holomorphic function on X is T-invariant. 

We give now an example of a T-action that admits non-trivial /i-holomorphic functions. 
The example is a modified version of the one shown in [FZ1] immediately after theorem 1.16. 
To make the construction more transparent, we let the space X be a manifold with boundary, 
but we can also obtain an action on a manifold without boundary by doubling. Representing 
an element of RP 3 as [u,v], u, v G C not both 0, let X be the subset of all [u,v] such that 
M > \v\. Thus X is a solid torus (it is doubly covered by {(«, v) € C 2 : |«| = 1, \v\ < 1}.) 
The boundary of X consists of all [e* 9 , e tip ], 6, (p € R, so dX is homeomorphic to a 2-torus. 
Notice that 17(1) = {e^ : £ € R} acts on X by lo[u, v] = [u)u,u)v] leaving the boundary 
invariant and having circle orbits. This defines a Seifert fibration in X. The [/(l)-action 
foliates the boundary by circles and the space of leaves of dX/U(l) is also a circle. 

It is well known that the group of isometries of D is isomorphic to PS7(2,R). It is 
somewhat more convenient to use the isomorphic representation of it as G = PSU(1,1), 

the group of all 2 x 2 complex valued matrices of the form 7 = f ^ ^_ j modulo the center, 

±7, where \a\ 2 — \(3\ 2 = det7 = 1. The action on RP 3 defined by 7 [u, v] = [au+(3v, av + (3u\ 
is easily shown to have the following properties: 

1. X and dX are invariant sets. In fact, writing r = au + (3v and s = av + (3u so that 
j[u,v] = [r,s], then it is easily checked that 

| r |2 _ | s |2 = ( | a |2 _ | /3 |2) (M 2 _ H 2 } = | u |2 _ ^2 > q. 
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2. For each 7 G G and [u,v] G <9A, one has j[u,v] = [uju,ujv\ for some u G 
(Observe that (au + (3v)/u = (av + 0u)/v = a + (3uv if = \v\ = 1. Therefore, 
w = (a + /3mJ)/|a + /3uv|.) In particular, the [/(l)-orbits in <9A are also invariant; 

3. For any [u, v] G X, 7[u, u] approaches the torus boundary as 7 — > 00 in G. In fact, by 
the formula and notation of item (1) we see that 




As 7 — > 00 in G, it is easily checked that \r\ — > 00, hence the claim. Therefore, any 
minimal set for the action of any non-compact subgroup of G on J is contained in 
one [/(l)-orbit in 9X. 

Now let {M,F) be the foliated X-bundle over a compact D/T associated to the given 
action restricted to V. Then M is a 5-manifold and has (real) codimension 3. Define 
/ G H(M, T) such that /:DxI^Cis given by 

f(z, [u,v]) := (uz - v)/{u-vz). 

This definition only makes sense a priori in the interior of X, but as [u, v] approaches a 
boundary point [e 10 , e llp } the function / (•, [u, v]) converges to the constant —e 1 ^" ) uniformly 
on compact subsets of D. Notice how this limit is the same along the [/(l)-orbits in dX. A 
straightforward calculation shows that / is T-invariant and so defines a continuous function 
/ on M = (D x X)/T which is leafwise holomorphic and non-constant on all interior leaves. 
By the discretization theorem we obtain a continuous /i-harmonic function on X which is 
not constant on interior T-orbits. All orbits accumulate on the boundary of X. 
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